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Abstract
Spatiotemporal dynamics of populations may be described by the reaction-diffusion Fisher-
Kolmogorov model. In this work we have proposed a new formulation for a control problem
of aquatic plants in a temporal dynamics. The solution of this problem is extended to a spa-
tiotemporal Fisher-Kolmogorov system with multiple species of plants interacting in the same
place. The control consists on human intervention as a strategy for management of the aquatic
plants. In our applications, one plant and two plants cases have been considered. Simulation
results are presented to show the effectiveness of the proposed control strategies.
1 Introduction
The population control for biological systems is currently used in several areas of knowl-
edge, to control for example, the behavior of some animal, plant, bacteria and cell systems, or
inhibit the growth of the concerning populations. Thus, a mathematical formulation for biolog-
ical control problems may be helpful to describe the behavior of these populations and make
appropriate predictions.
Mathematical formulations for biological control strategies have been presented in [21, 22,
24, 7, 15] where it is indicated this kind of control, as applicable, may cause less environment
damages. Different forms of control have been so far used, such as an optimal nonlinear control
and respective feedback, optimal linear control for nonlinear systems and the use of Lyapunov
functions. When dealing with aquatic plants, three forms of control are possible: the control
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through the use of chemicals, a physical control or a biological one (please see [19], for instance).
In the present work, we consider a physical control through human management.
The use of water hyacinths as an alternative to waste-water treatment is presented in [20,
12, 18, 14, 23], and [9, 10], showing interactions of two or more aquatic plants using a waste-
water treatment. The works [4, 21] solve optimization problems to find the optimal population
level which keeps a best performance of the concerning system, taking into account only a
temporal evolution. Spatiotemporal control has been proposed in the recent works [5], used as
an application to a water hyacinths population.
Concerning the nonlinear systems with reaction-diffusion, such as the Fisher-Kolmogorov
[17, 13], there are several works which seek to show the coexistence between species and obtain
concerning solutions [3, 8, 26, 1, 16, 25, 11]. In these works, theoretical studies on equilibrium
and the existence of solutions are usually presented and relating numerical solutions are also
developed. As a study on the control of Fisher-Kolmogorov systems we highlight the work of
[6], however, in this work there is no applications, but only the formulation and proof of some
theorems of the existence of optimal solutions for concerning control problems. Finding the
control functions for the nonlinear Fisher-Kolmogorov systems may be a complex task. Indeed
there are only a few works on this type of control.
Based on [4, 5, 21] this work proposes a new formulation for the control problem of aquatic
plants in stabilization ponds. Initially, a temporal optimization problem is solved, using a
general Lotka-Volterra model. Afterwards, this formulation is extended to a spatiotemporal
system with multiple species of plants interacting in the same pond, using a general Fisher-
Kolmogorov model. The control consists on human intervention as a strategy for management
of the aquatic plant population in polluted waters. As applications, in a first step we consider
one plant in the pond and in a second step two plants in the pond are considered. Simulations
are developed to show the efficiency of such proposed control strategies.
This work is organized as follows. In the Section 2, the mathematical modeling of the control
problem is presented. In the Section 3, we show the equation solution techniques. Further, in
Section 4, applications to aquatic plants management are developed and the results discussed.
Finally, some conclusions and remarks are presented.
2 Mathematical modeling of the control problem
Consider a general Lotka-Volterra model of N interacting populations described by
dwj
dt
= ajwj −
N∑
k=1
bjkwjwk, ∀j ∈ {1, · · · , N}, (1)
where wj(t) is the density of population j at the instant t; aj is the growth rate of population
j , bjk are the competition coefficients between the populations.
We consider the action of a control variable which suppress a certain quantity of population
from the system. Such a control variable is point-wise denoted by uj(t) and introduced in the
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equation system as it follows:
dwj(t)
dt
= aj(wj(t)− uj(t))
−
N∑
k=1
bjk(wj(t)− uj(t))(wk(t)− uk(t))
−τjuj , ∀j ∈ {1, · · · , N}, (2)
where τj are positive constants that characterize the technical conditions of population with-
draw. Equation (2) describes the dynamics of the system (1) with an application of the control
uj(t).
Therefore, denoting by [0, T ] the time interval of the control action, respectively, we have
wj(T ) = wj(0) +
∫ T
0
dwj(t)
dt
dt
= wj(0) +
∫ T
0
(aj(wj(t)− uj(t))
−
N∑
k=1
bjk(wj(t)− uj(t))(wk(t)− uk(t))− τjuj
)
dt. (3)
Consider now the problem of minimizing
J(w, u) = −
N∑
j=1
wj(T )−
∫ T
0
τjuj(t) dt, (4)
with the constraints
0 ≤ uj(t) ≤ wj(t), on [0, T ], ∀j ∈ {1, · · · , N}. (5)
Thus, we shall look for a critical point of the Lagrangian
L(w, u, λ) = J(w, u) +
N∑
k=1
(∫ T
0
λk1(t)(uk(t)− wk(t)) dt+
∫ T
0
λk2(t)uk(t) dt
)
= −
N∑
j=1
aj
∫ T
0
(wj(t)− uj(t)) dt+
N∑
j,k=1
bjk
∫ T
0
(wj(t)− uj(t))(wk(t)− uk(t)) dt+
N∑
j=1
(∫ T
0
λj1(t)(uj(t)− wj(t)) dt
+
∫ T
0
λj2(t)uj(t) dt− wj(0)
)
. (6)
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The variation of L in uk, gives the stationary equation (see [2] for related theoretical opti-
mization results)
aj +
N∑
k=1
(bjk + bkj)(uk − wk) + λj1 + λj2 = 0, (7)
so that
{uj − wj} = −{bjk + bkj}−1
{
ak + λk1 + λ
k
2
}
. (8)
For each k ∈ {1, · · · , N}, we have two possibilities, either λk1(t) = 0, λk2(t) = 0 (in such a case
the constraints are not active); or λk1(t) = 0 and λ
k
2(t) > 0, which corresponds to the constraint
uk(t) = 0 to be active, so that in such a case we have a local minimum. The possibility with
λk1(t) > 0 and λ
k
2(t) = 0 at any point t means uk(t) = wk(t) does not correspond to a local
minimum.
Hence defining
{ξk} = {bjk + bkj}−1 {aj} , (9)
and
Aj(t) =
(
−aj +
N∑
k=1
(bjk + bkj)wk
)
, (10)
we obtain
uk(t) =
{
wk(t)− ξk, if Ak(t) > 0
0, if Ak(t) ≤ 0, (11)
∀k ∈ {1, · · · , N}.
The parameter ξk in (9) corresponds to the optimal level of population, which means the
control is applied when the amount of the population surpass this level.
Replacing the control function (11) into the equation (2) yields
dwj(t)
dt
=

ajξj −
N∑
k=1
bjk(ξj)(ξk)− τj(wj(t)− ξj), if Aj(t) > 0
ajwj −
N∑
k=1
bjkwjwk, if Aj(t) ≤ 0,
(12)
∀j ∈ {1, · · · , N}.
From (12) we may observe that when the control is applied, the differential equations system
becomes linear due to some algebraic simplifications. We can also observe that the equation
system (12) have an exact analytic solution in each instant t, taken into account an initial
condition wj(0) = (w0)j . In the works of [4] and [5] it may be seen the application of such a
system to the population of some plant species.
Next, consider the general model of Fisher-Kolmolgorov describing temporal and spatial
dynamics of N interacting populations
∂wj
∂t
= Dj
∂2wj
∂x2
+ ajwj −
N∑
k=1
bjkwjwk, (13)
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∀j ∈ {1, · · · , N},
where Dj is the coefficient of diffusion for each species and wj = wj(x, t).
Let uk(x, t) be the control function to be introduced in the equation system (13), which
satisfies the same conditions as uk(t) previously defined, but now considering also a dispersal
in the space and ξk with same dimension as wk. The new control function can be taken in the
form
uk(x, t) =
{
wk(x, t)− ξk, if Ak(x, t) > 0
0, if Ak(x, t) ≤ 0, (14)
∀k ∈ {1, · · · , N}.
Replacing the control function (14) in equation (13), similarly as in (2), yields:
∂wj
∂t
=

Dj
∂2wj
∂x2
+ aj(wj − uj)
−
N∑
k=1
bjk(wj − uj)(wk − uk)
−τjuj , if Aj(x, t) > 0,
Dj
∂2wj
∂x2
+ ajwj −
N∑
k=1
bjkwjwk, if Aj(x, t) ≤ 0.
(15)
∀j ∈ {1, · · · , N}.
Through appropriate algebraic manipulations in the first equation of the system (15), we
may obtain
∂wj
∂t
=

Dj
∂2wj
∂x2
+ aj(ξj)−
N∑
k=1
bjk(ξj)(ξk)
−τj(wk − ξk), if Aj(x, t) > 0,
Dj
∂2wj
∂x2
+ ajwj −
N∑
k=1
bjkwjwk, if Aj(x, t) ≤ 0.
(16)
∀j ∈ {1, · · · , N}.
The initial and boundary conditions depend on the specificity of each application. For
example, in an application of an aquatic plant system [5] the initial conditions may be given by:
wj(x, 0) = (w0)j , (17)
and the boundary conditions are of Neumann’s type, that is
∂wj(0, t)
∂x
= 0;
∂wj(l, t)
∂x
= 0, t ≥ 0, (18)
which indicates there is no flow of plants at the pond borders (aquatic plants depend on water
to survive).
Note that the first equation in (16) is similar as the first equation in (12), considering that
w(t) is replaced by w(x, t) and that it has been added Dj , and a diffusive term wxx. Moreover,
the first equation in (16) becomes linear with the addition of the control strategy. In the next
section we show a technique to solve equation systems such as indicated in (16), first and second
equations.
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3 Equations solution technique
In this section we present the numerical algorithm, in a finite differences and numerical
Newton’s Method similar context (not exactly the Newton’s method but an appropriate adap-
tation), to be used in the subsequent section for the solution of the partial differential equations
given in the mathematical formulation of each problem considered.
At this point we denote the matrix Dxx by
Dxx =

−1 1 0 0 · · · 0
1 −2 1 0 · · · 0
0 1 −2 1 · · · 0
...
...
...
. . .
...
...
0 0 · · · 1 −2 1
0 0 · · · 0 1 −1

/d21,
where d1 will be specified in the next lines.
Such an algorithm is to obtain a numerical solution on the set [0, 10]× [0, T ], where [0, T ] is
the time interval considered.
1. Set T = 30(days), N1 = 5000 (number of nodes in [0, T ]), N2 = 100 (number of nodes in
[0, 10]), d = T/N1 d1 = 1/N2;
2. Set {w0j} = wj0;
3. For l = 1 : N1 do
• p = 1,
• {wpj} = {wl−1j }, ∀j ∈ {1, . . . , N};
• b12 = 1.0;
• While (b12 > 10−4) and (p < 100) do
– For j = 1 : N do
∗ For s = 1 : N2 do
(Aj)s = (−aj +
∑N
k=1(bjk + bkj)(w
p
j )s);
(usj) = 0;
If (Aj)s > 0, then (uj)s = (w
p
j )s − ξj ;
∗ end;
– end;
• Calculate wˆ by solving the linearized equation
wˆj − wl−1j
d
= DjDxxwˆj +Hj(wˆ), ∀j ∈ {1, . . . , N};
where,
If (Aj)s ≤ 0, then
(Hj)s(wˆ) = aj(wˆj)s − 2
∑N
k=1 bjk(wˆj)s(w
p
k)s +
∑N
k=1 bjk(w
p
j )s(w
p
k)s;
If (Aj)s > 0, then
(Hj)s(wˆ) = ajξj −
∑N
k=1 bjkξjξk − τj(uj)s;
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• Set Bj = ‖wˆj − wpj‖∞, ∀j ∈ {1, . . . , N};
• Set b12 = maxj∈{1,...,N}Bj ;
• wp+1j = wˆj , ∀j ∈ {1, . . . , N};
• p = p+ 1;
• end;
• wlj = wpj , ∀j ∈ {1, . . . , N};
4. End.
4 Applications to aquatic plants management
For the applications we have considered a system with two aquatic plants, Eichhornia cras-
sipes and Pistia stratiotes, often used in waste-water treatment. There is a threshold, namely
ξ, to consider the growth of the two aquatic plants, where a greater accumulation of biomass
corresponds to a greater capacity of extraction of residues, provided that the threshold is not
exceeded, which will result in a loss of capacity to remove toxic products from the water. There-
fore, to maintain the pond efficiency, one have to remove plants daily, in order to hold high rates
of constant growth, without causing undesirable side effects. The amount of plants to be re-
moved daily was established in the previous section, equation (11) for a temporal system and
(14) for a spatiotemporal system, considering the values of the coefficients given in the next
lines. For the applications considered, the space is a channel fulfilled with residual water.
The function w(x, t) in this application represents the plants density (dry mass gm−2t−1) in
the space x (m2) and at the instant t (days).
4.1 Application using one plant
The interaction between a specie with its environment, may be described by the partial
differential equation of Fisher-Kolmogorov [13, 17]:
∂w
∂t
= D
∂2w
∂x2
+ aw − bw2, (19)
Replacing the system (16), with control, in equation (19) yields
∂w
∂t
=

D
∂2w
∂x2
+ a(w − u)− b(w − u)(w − u)− τu, if A > 0,
D
∂2w
∂x2
+ aw − bw2, if A ≤ 0,
(20)
Replacing u = w − ξ into (20) we obtain
∂w
∂t
=

D
∂2w
∂x2
+ aξ − bξ2 − τw + τξ, if A > 0,
D
∂2w
∂x2
+ aw − bw2, if A ≤ 0,
(21)
Note that if we take A = 0 and bjk=bkj , with a single type of plant, from equations (9) and
(10) we may calculate
− a+ (2b)w = 0 ⇒ w(x, t) = a
2b
. (22)
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So, A > 0 ⇒ w(x, t) > a
2b
and A ≤ 0 ⇒ w(x, t) ≤ a
2b
, which is consistent with the results of
works [4] and [5].
Equation (21) can be rewritten as
∂w
∂t
=

D
∂2w
∂x2
− τw + P, if A > 0,
D
∂2w
∂x2
+ aw − bw2, if A ≤ 0,
(23)
where P = a2/(4b)+aτ/(2b) is the amount of plants in the channel with residual considering the
control application, with is applied only when the plants population surpass the value ξ = a/2b.
On the other hand, from equation (14) we may obtain the amount of plants to be removed daily,
u∗(x, t), to keep the population at level P , being u∗(x, t) = a2/4b.
The initial and boundary conditions have been taken as in (17) and (18), respectively.
The plant considered in this application is the Eichhornia crassipes and the related co-
efficients values have been taken from the works [4, 5, 12, 20]. The coefficients values are:
K = 700.68, a = 0.103, b = 0.000147, D = 1.33 and τ = 1. For the initial conditions
w(x, 0) = 140 and w(x, 0) = 80x, where x ∈ [0, 10], the figures 1 and 2 show the behavior of
w(x, t) considering a 20-day time evolution.
Figure 1: Solution w(x, t) for the initial conditions w(x, 0) = 140.
We may observe in the figures 1 and 2 that in a few days, the population w(x, t) is driven
to the value of P , regardless if the number of plants is below or above this value.
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Figure 2: Solution w(x, t) for the initial conditions w(x, 0) = 80x.
4.2 Application using two plants
The of Fisher-Kolmogorov equations for two species is given by [3, 17]:
∂w1
∂t
= D1
∂2w1
∂x2
+ a1w1 − b11w21 − b12w1w2,
∂w2
∂t
= D2
∂2w2
∂x2
+ a2w2 − b21w2w1 − b22w22.
(24)
Including a control in the system (24), as shown in system (16), yields
∂w1
∂t
=

D1
∂2w1
∂x2
+ a1ξ1 −
2∑
k=1
b1kξ1ξk − τ1w1 + τ1ξ1, if A1 > 0,
D1
∂2w1
∂x2
+ a1w1 − b11w21 − b12w1w2, if A1 ≤ 0,
(25)
∂w2
∂t
=
9

D2
∂2w2
∂x2
+ a2ξ2 −
2∑
k=1
b2kξ2ξk − τ2w2 + τ2ξ2, if A2 > 0,
D2
∂2w2
∂x2
+ a2w2 − b21w2w1 − b22w22, if A2 ≤ 0,
(26)
From equation (9) the values of ξ1 and ξ2 can be computed as:{
ξ1
ξ2
}
=
{
2b11 b12 + b21
b21 + b12 2b22
}−1{
a1
a2
}
, (27)
and equations (25) and (26) can be rewritten as
∂w1
∂t
=

D1
∂2w1
∂x2
− τ1w1 + P1, if A1 > 0,
D1
∂2w1
∂x2
+ a1w1 − b11w21 − b12w1w2, if A1 ≤ 0,
(28)
∂w2
∂t
=

D2
∂2w2
∂x2
− τ2w2 + P2, if A2 > 0,
D2
∂2w2
∂x2
+ a2w2 − b21w2w1 − b22w22, if A2 ≤ 0,
(29)
where 
P1 = a1ξ1 − b11ξ1ξ1 − b12ξ1ξ2 + τ1ξ1
P2 = a2ξ2 − b21ξ2ξ1 − b22ξ2ξ2 + τ2ξ2
(30)
are the amount of plants in the channel with residual water considering the control application,
plant 1 and plant 2, respectively.
The initial and boundary conditions were taken in same form, for each specie, as in (17) and
(18), respectively. The technical capacity to remove the plants are given by τ1 = 1 and τ2 = 1
[4, 5]. The coefficients of the system are those presented in the next lines, highlighting where
they have been taken from or how they have been computed.
• Plant 1 - Eichhornia crassipes
a1 = 0.061 [9]; K1 = 993.2 (in monoculture [9]);
b11 = 0.0000614 (computed from K1 = a1/b11);
b12 = 0.00001 (estimate - according to [9], the interaction of the two species practically did not
affect the water hyacinth growth);
D1 = 1.33 (computed from the information containing in [20]).
• Plant 2 - Pistia stratiotes
a2 = 0.087 [9]; K2 = 436.7 (in monoculture [9]);
b21 = 0.0001 (estimate - according to [9], the interaction of the two species reduced significantly
the Pistia growth);
b22 = 0.0001992 (computed from K2 = a2/b22);
D2 = 1.3 (estimated to be the similar as water hyacinth, because its growth is similar).
Figures 3 and 4 show the controlled growth of plants 1 and 2 into a 10m channel, i. e.,
x ∈ [0, 10], and initial conditions (w1(x, 0), w2(x, 0)) = ((280, 80), respectively. Figures 5 and
6 show the controlled growth of plants 1 and 2 into a 10m channel, i. e., x ∈ [0, 10], and initial
10
Figure 3: Solution w1(x, t) for the initial conditions (w1(x, 0), w2(x, 0)) = (280, 80), plant 1.
conditions (w1(x, 0), w2(x, 0)) = ((700, 350), respectively. One can observe from figures 3, 4,
5, and 6, the system reaches the equilibrium level about 15 days when the initial condition is
below the optimum level, and about 5 days when the initial condition is above the optimum
level. The optimal level of controlled population is calculated from equation (30) and given by:
(w∗1, w∗2) = (414.23, 110.66). Thus, from equation (14) can be calculated the amount of plants
to be removed daily to maintain the desired level of plant population in such a system, namely,
(u∗1, u∗2) = (14.14, 2.75).
5 Conclusions and remarks
In this work a control has been applied to a system described by the Fisher-Kolmogorv
model. An optimization problem was proposed and solved. The applications considered a sys-
tem comprised by an aquatic plants population growing in a waste-water stabilization pond.
Simulation results have been presented in which the proposed control has been efficient in main-
taining the system at the optimal level of plants. In addition, from the applications presented,
it may be inferred that:
• When populations of plants are below the optimal level, as time goes on, plants grow freely,
in all directions, until they reach a level for which the application of control begins, with daily
withdrawal of plants.
• When populations of plants are intended above the optimal level, the control is immediately
activated.
11
Figure 4: Solution w2(x, t) for the initial conditions (w1(x, 0), w2(x, 0)) = (280, 80), plant 2.
• To maintain the optimal level of Eichhornia crassipes in a channel with residual water P =
w∗ = 368.38 one should remove u∗ = 18.04 daily (dry mass of plants).
• To maintain the optimal level of Eichhornia crassipes and Pistia stratiotes in a channel
with residual water (P1, P2) = (w
∗
1, w
∗
2) = (414.23, 110.66) one should daily remove (u
∗
1, u
∗
2) =
(14.14, 2.75) of plants (dry mass of each kind of plant).
The control considered in this work takes into account the removal of the plants being spread
in the whole pond area, ideally in each square meter. This indicates us that stabilization ponds
may be appropriately planned for a spatial management.
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